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Abstract: This paper is devoted to obtain fixed point results. Fixed point theory is very wide field which have many 

application in different areas. The concept of altering distance to find fixed point results have been explored by many authors. 

In the present paper the author state altering distance function and ultra-altering distance function and the coincidence point for 

two self-mappings that satisfy the (CLRST) - property with the help of altering distance function and ultra-altering distance 

function in the context of b-metric spaces and achieve a unique common fixed point for two weakly compatible pairs. Many 

discoveries can also be derived from these main results in the framework of metric spaces. 
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1. Introduction and Preliminaries 

Fixed point theory is a branch of nonlinear analysis that 

can be applied successfully to a wide range of contexts in 

social and natural Sciences. IT is one of the most acclaimed 

scientific considerations with application in many disciplines, 

particularly in engineering, physics, economics and medical 

science etc. This theory is also beneficial for solving varies 

kind of integral and differential equations. Although some 

results had seen introduced, it is usually considered that this 

field of study was born in 1922, when Banach presented a 

celebrated theorem in order to guarantee that a nonlinear 

operator had generalization, in many different frame works, 

have been done. 

On the otherhand side, Bakhtin [3] and Czerwik [4] 

develop the notion of � �������  space and established 

some fixed point theorems in � � ������  spaces. 

Subsequently, several results appeared in this direction [11, 

12, 13, 14, 15]. The concept of � � ������  space was 

introduced by Czerwik [4] and formally defined a � �
������  space with a view of generalizing the Banach 

contraction mapping theorem. The well-known Banach 

contraction principle assures the existence and uniqueness of 

fixed points of certain self-maps in metric spaces. It is well 

known that fixed point theory has wide application in applied 

Science. Banach contraction principle which states that if 

	
, �
 is complete metric space and �:	
 → 
	is a contraction 

map then f has a unique fixed point, it is a fundamental result 

in this theory. Due to its importance and simplicity several 

authors have obtained many interesting extensions and 

generalization of Banach contraction principle, some 

generalizations of contraction condition was conducted. 

Because of its wide applications, several researchers have 

extended, improved and generalized the result in many 

directions. 

Definition 1.1 [4] let 
 be a non empty set and � � 1 be 

given real number. A function 	�:	
	 � 	
	 → �0, �∞
  is a 

� � ������  if for any 	�, �, � ∈ 
 , the following conditions 

are satisfied 

	b1
	d	p, q
 ! 0	if	and	only	if	p ! q 

	b2
	d	p, q
 ! d	q, p
; 

	b3
	d	p, q
 , s�d	p, r
 � d	r, q
/. 

A pair 	X, d
 is called a b � metric space with parameter s. 

It should be noted that the class of � � ������  space is 
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effectively larger than that of metric spaces. Indeed, a 

b − metric is metric if and only if s = 1. 
Example 1.2 

1) Let 
 = ℝ. Define a mappings �: 
 × 
 → [0,∞) by 

d	p, q) = 	� − �)7	�8�	9::	�, � ∈ 
.  
Then 	
, �)	��	9	� − ������	space with coefficient	� = 2. 

2) let 
 = ;1,2,3<. =���>�	9	�9���>?	�: 
 × 
 →
[0,∞)	�@	�	1,1) = �	2,2) = �	3,3) = 0, �	1,2) =
�	2,1) = 2, �	2,3) = �	3,2) = 1	9>�	�	1,3) =
�	3,1) = 6.  Then 	
, �)	��	9	� − ������  space with 

coefficient � = 2. 
In 2015, Ozterk et al [5] give the notion of property 

� − 	B. C) property in b-metric space as follows: 

Definition 1.3. [5] A pair 	D, E)	 of self- maps on a 

� − ������  space 	
, �)  is said to be satisfy � − 
	B. C)	property	 if there exists a sequence ;@F<	 in 
  such 

that, 	limF→G D@F = limF→G E@F =�, �8�	�8��	�	�>	
. 

Definition 1.4. [8] Let ;@F<  be a sequence in a � −
������	space 	
, �). 

a) ;@F< is called � − 	�8>H��?�>�  if and only if there is 

� ∈ 
	such that �	@F , �) → 0	9�	>,� → 0. 
b) ;@F<  is called � − 	I9J�ℎ@	 sequence if and only if 

�	@F , @L) → 0	9�	>,� → 0. 
Proposition 1.5 [3] In � − ������  space 	
, �)  the 

following assertions hold: 

1) A � − �8>H��?�>t sequence has a unique limit. 

2) Each � − 	�8>H��?�>� sequence is b-Cauchy. 

3) In general a � − ������ space is not continuous. 

Definition 1.6 [1] A function M: [0,∞) → [0,∞) is called 

an altering distance function if the following properties are 

satisfied: 

1) M is non-decreasing and continuous, 

2) M	�) = 0	if and only if	� = 0. 
Definition 1.7 [7] An ultra-altering distance function is 

continuous, non-decreasing mapping N: [0,∞) → [0,∞)	such 

that	N	�) > 08�	� = 0	and	N	0) ≥ 0. 
Definition 1.8 [6] Let C and P be given self-mappings on a 

non-void set 	
 . The pair 	C, P)  is said to be weakly 

compatible if C and P  commute at their coincidence points 

(i.e. CP� = PC� whenever C� = P�). 
In 2011, Sintunavarat et al. [2] introduce the notion of 

	IQRST − ��8����@ in the context of metric space as follows. 

Definition 1.9 [2] Two self-mapping C	and P of a metric 

space 	
, �)  are said to satisfy 		IQRU)  property if there 

exists a sequence ;@F< in 
 such that, 

limF→G C@F = limF→G P@F = C�  

for some � in 
. 

In 2009, Zhang and Song [9] used generalized N −weak 

contraction which is defined for two mappings and gave 

conditions for existence of a common fixed point. 

Theorem 1.10 [9] (see [7]). Let (X, d) be complete metric 

space, and E, D: 
 → 
  two mappings such that for all 

V, @ ∈ 
, 
�	EV, D@) ≤ W	V, @) − N	W	V, @)) 

Where N: [0,∞) → [0,∞)  is a lower semi continuous 

function with N	�) > 0	for	� ∈ 	0,∞) and	N	0) = 0. 
W	V, @) = max	;�	V, @), �	EV, V), �	D@, @), [Y	Z,T[)\Y	[,SZ)7 <  

then there exists the unique point J ∈ V	�J�ℎ	�ℎ9�	J = EJ =
DJ. 

1n 2020, Sahi Arora et al [10] define C-class function and 

prove the below theorem, 

Definition 1.11 [10] A mapping ]: [0,∞) × [0,∞) → ℝ is 

called C-class function it is continuous and fulfill the 

conditions: 

1) ]	�, �) ≤ � 

2) ]	�, �) = � , implies that ether � = 0  or � = 0 , for all 

�, � ∈ [0,∞). 
Theorem 1.12 (see [10]) Let 	
, �)  be a � − ������ 

spaces and ^, _, D, E:	
 → 
 be mapping with ^	
) ⊆ E	
) 
and	_	
) ⊆ D	
), Such that: 

M	�	^V, _@)) ≤ ]	MaW	V, @)b, N	W	V, @))) , for all 

V, @ ∈ 
. 

Where, 

W	V, @) = max	;�	DV, E@), �	^V, DV), �	_@, E@), [Y	c[,TZ)\Y	S[,dZ)7e <  
then ^, _, D, E has a unique common fixed point in 
. 

2. Main Result 

In the following theorem, we show the existence and uniqueness of common fixed point for four self-maps. 

Theorem 2.1. Let 	
, �)	 be a � − ������  space with � ≥ 1 and C, P, D, E:  
 → 
  be self-maps with 

C	
) ⊆ E	
)	9>�	P	
) ⊆ D	
)	such that 

Ma�	CV, P@)b ≤ MaWe	V, @)b − N	We	V, @)), for eachV, @ ∈ 
:                                                  (1) 

Where, 

We	V, @) = max	;�	DV, E@), �	CV, DV), �	P@, E@), Y	U[,TZ)\Y	S[,fZ)7e <. 
Suppose that the pair 	C, D) and 	P, E) satisfy the		IQRS) and (IQRT) properties respectively, then the pair 	C, D) and 	P, E) 

have a coincidence point in	
. Moreover, if the pair 	C, D) and 	P, E) are weakly compatible, then C, P, D, E have a unique 
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common fixed point. 

Proof: if the pair 	C, D)  satisfy the IQRS  property, then there exist a sequence ;VF<  in 
,  such that 	limF→G C[g =
limF→G D[g = � , where, � ∈ D	
) . As 	C	
) ⊆ E	
) , there exist a sequence ;@F<  in 
  such that 	C[g = E[g . Hence ,
limF→G E[g = �. 

We will show that limF→G P[g = � 

Putting V = VF	and	@ = @F in inequality (1), we arrive at 

Ma�	CVF , P@F)b ≤ MaWe	VF , @F)b − N	We	VF, @F)), 
Where 

We	VF, @F) = max	;�	DVF , E@F), �	CVF, DVF), �	P@F , E@F), Y	U[g,TZg)\Y	S[g,fZg)7e <. 

= max	;�	DVF , E@F), �	CVF , DVF), �	P@F , C@F), Y	U[g ,U[g)\Y	S[g,fZg)7e <  

= max h�	DVF , E@F), �	CVF , DVF), �	P@F , E@F), Y	S[g ,fZg)7e i.  

≤ max h�	DVF , E@F), �	CVF , DVF), �	P@F , E@F), �	Y	S[g,U[g)\Y	U[g,fZg)7e i  

= max h�	DVF , E@F), �	CVF , DVF), �	P@F , E@F), 	Y	S[g,U[g)\Y	U[g,fZg)7 i  
Letting > → ∞, we get 

limF→GWe	VF, @F) = max	;�	�, �), �	�, �), �	P@F , �), Y	j,j)\Y	j,fZg)7e <  

= max	;�	P@F , �), Y	j,fZg)7 <.= �	P@F , �),  
This implies that 

We	VF , @F) ≤ 	�	P@F, �) 
Making > → ∞ in (2), we get 

lim	F→GMa�	CVF , P@F)b ≤ limF→GMaWe	VF , @F)b − limF→G NaWe	V, @)b  

M k lim	F→G�	CVF , P@F)l ≤ M k limF→G�	P@F, �)l − N k limF→G�	P@F , �)l 

This implies that, limF→G�	P@F , �) = 0, 
Hence, lim	P@F = �

F→G
. 

Now, since the pair 	C, D) and 	P, E) satisfy the	IQRST property so there exist a sequence ;VF< and ;@F< in 
 such that 

limF→G CVF = limF→G DVF = limF→G P@F = limF→G E@F =�, where, � ∈ D	
) ∩ E	
), so there exist a point J ∈ 
	such 

that	DJ = �,	we have to show that	CJ = DJ. 

Putting V = J	9>�	@ = @F in equation (1) above, we get, 

Ma�	CJ, P@F)b ≤ MaWe	J, @F)b − N	We	J, @F)) 
Where 

We	J, @F) = max	;�	DJ, E@F), �	CJ, DVF), �	P@F, E@F), Y	Un,TZg)\Y	Sn,fZg)7e <  

= max	;�	J, E@F), �	CJ, �), �	P@F, E@F), Y	Un,TZg)\Y	Sn,fZg)7e <  
Letting > → ∞, we get 

limF→GWe	J, @F) = max	;�	�, �), �	CJ, �), �	�, �), Y	Un,j)\Y	j,j)7e <  

= max	;�	CJ, �), Y	Un,j)7e < = �	CJ, �)  
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This implies that 

Ma�	CJ, �)b ≤ Ma�	CJ, �)b − N	�	CJ, �))  
Hence, Ma�	CJ, �)b = 0. 
Therefore, CJ = � = DJ 

Thus, J is a point of coincidence of the pair 	C, D). As	� ∈ E	
), there exist a point H ∈ 
 such that EH = �. 
We assert that, PH = EH 

Putting V = J	9>�	@ = H in equation (1) above, we get 

Ma�	CJ, PH)b ≤ MaWe	J, H)b − N	We	J, H)), for each	V, @ ∈ 
: 

Where 

We	J, H) = max	;�	DJ, EH), �	CJ, DJ), �	PH, EH), Y	Un,To)\Y	Sn,fo)7e <  

= max	;�	�, �), �	�, �), �	PH, �), Y	j,j)\Y	j,fo)7e <  

= max	;�	PH, �), Y	fn,j)7e < = �	PH, �)  
This implies that 

Ma�	PH, �)b ≤ Ma�	PH, �)b − N	�	PH, �))  
Hence, M�	PH, �) = 0.	This implies that, PH = � = EH. 
Hence, H is a point of coincidence of point		P, E). Since the pair 	C, E) is weakly compatible, then C� = D�. 
Now, will show that � is common fixed point of C and	D. 

Putting V = �	9>�	@ = H in equation (1), we get 

Ma�	C�, PH)b ≤ MaWe	�, H)b − N	We	�, H)), for eachV, @ ∈ 
: 

Where 

We	�, H) = max	;�	D�, EH), �	C�, D�), �	PH, EH), Y	Uj,To)\Y	Sj,fo)7e <. 

= max	;�	C�, ^), �	C�, C�), �	^, ^), Y	j,j)\Y	Uj,j)7e <. 

= max	;�	C�, �), 2	 Y	fn,j)7e <  
= �	C�, �) 

This implies that 

Ma�	C�, �)b ≤ Ma�	C�, �)b − N	�	C�, �)) 
Thus, Ma�	C�, �)b = 0, 
This gives, C� = � = D�. Hence p is common fixed point of the pair 	C, D). 
Again let us show that p is common fixed point of B and T. 

Putting V = J	9>�	@ = � in equation 	1), we get 

Ma�	CJ, P�)b ≤ MaWe	J, �)b − N	We	J. �)), for each	V, @ ∈ 
: 

Where 

We	J, �) = max	;�	DJ, E�), �	CJ, D�), �	PJ, E�), Y	Un,Tj)\Y	Sn,fj)7e <. 

= max	;�	�, E�), �	�, �), �	�, �), Y	UnT,j)\Y	j,j)7e <. 

 = max	;�	�, E�), Y	Un,Tj)7e  

= �	�, E�) 
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This implies that 

Ma�	�, E�)b ≤ Ma�	�, E�)b − N	�	�, E�))  
Thus, Ma�	�, E�)b = 0, 
This gives, E� = � = P�. 
Hence, � is common fixed point of C, P, D, E. 
If there exists another fixed point � ∈ 
, then from 

M	�	�, �)) = Ma�	C�, P�)b ≤ MaWe	�, �)b − N	We	�, �)), 
Where, 

We	�, �) = max	;�	D�, E�), �	C�, D�), �	P�, E�), Y	Uj,Tp)\Y	Sj,fp)7e <. 

= max	;�	�, �), �	�, �), �	�, �), Y	j,p)\Y	j,p)7e <. 

= max	;�	�, �), �	�, �)� < 
= �	�, �) 

This implies that 

Ma�	�, �)b ≤ Ma�	�, �)b − N	�	�, �)) 
Thus 

Ma�	�, �)b = 0. 

Hence, we conclude that	� = �. 
The proof is completed. 

Corollary 2.2 Let 	
, �)  be a b-metric space and^, E : 

X→ 
 be mappings, such that, 

Ma�	^V, ^@)b ≤ MaWe	V, @)b − N	We	V, @)) , for each 

V, @ ∈ 
: 

Where, 

We	V, @) =
max	;�	EV, E@), �	^V, EV), �	^@, E@), Y	c[,TZ)\Y	T[,cZ)7e <. 
Suppose that the pair 	^, E)	 satisfy the 	IQRDE) 

properties. Then the pair 	^, E) and 	P, E) have a common 

coincidence point in 	
 . Moreover, if the pair 	^, E))  is 

weakly compatible, then ^, E have a unique common fixed 

point. 

3. Conclusion 

In this paper the desired results on the coincidence point 

for weakly compatible self-mapping satisfying 		CLRtu) -

property obtained and achieve a unique common fixed point 

for two weakly compatible with the help of altering distance 

function and ultra-altering distance function in the frame 

work of b-metric spaces was achieved. 
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